Abstract. We establish a Tannakian formalism of p-adic multiple polylogarithms and p-adic multiple zeta values introduced in our previous paper via a comparison isomorphism between a de Rham fundamental torsor and a rigid fundamental torsor of the projective line minus three points and also discuss its Hodge andétale analogues. As an application we give a way to erase log poles of p-adic multiple polylogarithms and introduce overconvergent p-adic multiple polylogarithms which might be p-adic multiple analogue of Zagier's single-valued complex polylogarithms.
The function Li k 1 ,...,km (z) is not overconvergent but a Coleman function with log poles around z = 1 and ∞. The above formulae is a way to erase these log poles. We will give calculations in Example 2.16.
The organization of this paper is as follows: §1 is preliminary for the rest of paper. We will review the definition of various (de Rham, rigid, Betti and etale) fundamental groups, torsors with their various additional structures, i.e. the Frobenius action, the infinity Frobenius action and the Galois group action. We also discuss tangential basepoints. The Deligne's canonical path in the de Rham fundamental torsor in Lemma 1.2 and Besser-Vologodsky's Frobenius invariant path in the rigid fundamental torsor in Lemma 1.8 will be recalled.
Section 2 is devoted to Tannakian formalisms which contains our main results. In Theorem 2.3 and Theorem 2.5 we will clarify Tannakian origins of the p-adic multiple polylogarithms and p-adic multiple zeta values. An explicit relationship between our p-adic multiple zeta values and Deligne's p-adic multiple zeta values [De2] will be stated in Theorem 2.8. A formula to express the overconvergent p-adic multiple polylogarithms in terms of our p-adic multiple polylogarithms will be stated in Theorem 2.14. In §2.2 the Hodge analogue of these results will be discussed. The Tannakian origin of complex multiple polylogarithms will be discussed in Proposition 2.20 and for multiple zeta values in Proposition 2.21. The infinity Frobenius action on the Betti fundamental torsor of P 1 (C)\{0, 1, ∞} will be used to introduce another variant of multiple polylogarithms (2.20). In Theorem 2.27 it will be shown that these functions are single-valued and realanalytic. In Proposition 2.26 we show a formula analogous to Theorem 2.14 to express them in terms of complex multiple polylogarithms. §2.3 is a brief explanation of analogous story in theétale side. We discuss anétale analogue of polylogarithm (2.22) expressed in terms of Wojtkowiak's l-adic polylogarithm and anétale analogue of Riemann zeta values (Example 2.33) expressed in term of Soulé characters and cyclotomic characters following [NW] , [I] .
Section 3 is motivic. The algebra generated by p-adic multiple zeta values will be related to Drinfel'd's [Dr] pro-algebraic group GRT 1 , Racinet's [R] proalgebraic group DMR 0 and the motivic Galois group π 1 (MT (Z)). In §3.1 we recall Drinfel'd's pro-algebraic bi-torsor of Grothendieck-Teichmüller. In §3.2, we recall Racinet's [R] pro-algebraic bi-torsor made by double shuffle relations and briefly explain a partial analogous story to §3.1. §3.3 is a review of the formalism of mixed Tate motives in [DG] . The torsor of motivic Galois group is related with the torsors in §3.1 and §3.2. We give some motivic interpretations on Zagier's conjecture on multiple zeta values and Ihara's conjecture on Galois image. We also explain a motivic way of proving double shuffle relations for p-adic multiple zeta values using [DG] and [Y] . Notation 1.1. In this subsection we assume that K is a field of characteristic 0. We denote the category of the nilpotent part (i.e. the full subcategory consisting of objects which are iterated extensions of the unit objects) of the category of the pair (V, ∇) of a coherent O X -module sheaf V on X K and an integrable (i.e. ∇ • ∇ = 0) connection ∇: V → V ⊗ Ω 1
X K
by N C DR (X K ), It forms a neutral Tannakian category (for the basics, consult [DM] ) by [De1] . For our quick review of these materials, see [S1] .
In the de Rham realization, we consider three fiber functors. Suppose that x is a K-valued point of X, i.e. x: Spec K → X K . The first one is ω x : N C DR (X K ) → Vec K (Vec K : the category of finite dimensional K-vector spaces) which is the pullback of N C DR (X K ) by x. Actually this forms a fiber functor (consult [DM] for its definition) by [S1] §3.1. The second fiber functor is the one introduced in [De1] §15 (and developed to higher dimensional case in [BF] ): Let s ∈ D and put T s = T s X K and T × s = T s \{0}( ∼ = G m ), where T s X K is the tangent vector space of X K at s. By the construction of the extension of unipotent integrable connections to tangent bundles in [De1] §15. 28-15.36 , we have a morphism of Tannakian categories (see also [BF] )
which we call the tangential morphism. By pulling back, each K-valued point t s of T × s determines a fiber functor ω ts : N C DR (X K ) → Vec K which we call the tangential base point. The last fiber functor is the special one under the assumption H 1 (X, O X ) = 0. (1.2) (i.e. X is a curve with genus 0): Let ω Γ : N C DR (X K ) → Vec K be a functor sending each object (V, ∇) ∈ N C DR (X K ) to Γ(X K , V can ), the global section of its canonical extension (V can , ∇ can ) into X K [De1] §12.2. This functor forms a fiber functor ([De1] §12.4) because V can forms a trivial bundle over X K due to the condition (1.2) by [De1] Proposition 12.3. We call ω Γ the canonical base point. We note that the assumption (1.2) is necessary. The functor ω Γ would be no longer a fiber functor if X was a proper smooth curve with genus g > 0. Proof. It is because V can forms a trivial bundle for (V, ∇) ∈ N C DR (X K ) that we get a canonical isomorphism
The fiber functors ω x and ω ts (and ω Γ under the assumption (1.2)) play a role of "base points". Definition 1.3. [De1] Let ω * and ω * be any fiber functors above. [DM] ).
The former is a pro-algebraic group over K and the latter is a pro-algebraic bitorsor over K where π DR 1 (X K : * ) acts from the right and π DR 1 (X K : * ) acts from the left and by definition π DR 1 (X K : * , * ) = π DR 1 (X K : * ). In this paper for any two loops γ and γ the symbol γ · γ stands for the composition of two which takes γ at first and takes γ next. Particularly under the assumption (1.2), we have a canonical de Rham path d * , * ∈ π DR 1 (X K : * , * )(K) by Lemma 1.2. This path is compatible with the composition: d * , * · d * , * = d * , * . We also note that for any field extension
which is the category whose set of morphisms, K -linear space, is replaced by the extension of the set of morphisms of
To establish the notion of the de Rham path space, we recall the notion of affine group T -schemes for a Tannakian category T ([De1] §5.4 and [DG] §2.6). The category of affine T -schemes is the dual of the category of ind-objects of T which are unitary commutative algebras, that is, each object is an ind-object A of T with a product A ⊗ A → A and a unit 1 → A verifying usual axioms. We denote the corresponding affine T -schemes with A by Spec A. An affine group T -scheme is a group object of the category of affine T -schemes, i.e. the spectrum of a commutative Hopf algebra. 
for any fiber functors ω, ω : N C DR (X K ) → Vec K and is represented by an ind-
The de Rham fundamental path space P DR X K ,ω with the base point ω is its pullback by ω ⊗ id, which is represented by the ind-object
By definition, we have
1.2. Rigid setting. In this paper we take rigid fundamental groups (torsors) as a crystalline realization of motivic fundamental groups (torsors). We will recall the definition of the rigid fundamental group [CLS] , [S2] , torsor, path space, the tangential base point [BF] , [De1] and the canonical Frobenius invariant path [Bes] , [Vol] . Notation 1.5. In this subsection we assume that K is a nonarchimedean local field of characteristic 0. We denote V to be its valuation ring and k to be the residue field of characteristic p > 0 with q ( = p r )-elements. We also assume that X K with D K is a generic fiber of a proper smooth geometrically connected curve X with a divisor D over V. We denote its special fiber over k by X 0 with D 0 . Put X 0 = X 0 \D 0 and its natural embedding j: X 0 → X 0 . We denote the category of the nilpotent part of the category of overconvergent (actually we can omit the overconvergence because it is shown in [CLS] that unipotent isocrystals are overconvergent) isocrystals, which consists of the pair (V † , ∇ † ) of a coherent j † O ]X 0 [ (cf. [Ber] , [Bes] )-module sheaf V † and an integrable connec-
. Here ]X 0 [ stands for the tubular neighborhood [Ber] of X 0 . This category depends only on X 0 and forms a neutral Tannakian category and depends only on X 0 (cf. [Ber] , [CLS] , [S2] ). For our quick review of these materials, see [Bes] .
In the rigid realization, we consider three fiber functors. Suppose that x 0 is a k-valued point of X 0 , i.e. x 0 : Spec k → X 0 . The first one is ω x 0 : N I † (X 0 ) → Vec K 0 which is the pullback of N I † (X 0 ) by x 0 . This forms a fiber functor and is [BF] is the transmission of the morphism (1.1) into the rigid setting by the categorical equivalences N C DR (X K ) ∼ = N I † (X 0 ) and [CLS] , [S2] , where s 0 is the reduction of s. The fiber functors, ω x 0 , ω s 0 and ω ts 0 , play a role of "base points". Definition 1.6. Let ω * and ω * be any fiber functors above. The rigid fundamental group π
Let F q be r-th power of the absolute Frobenius automorphism on X 0 and its induced automorphism on 
We take the inverse to follow [De1] §13.6. By (1.5) and (1.6) the ind-objects A † and A † ω in Definition 1.6 naturally admit structures of ind-overconvergent F-isocrystals, where an overconvergent F-isocrystal means an overconvergent isocrystal V with a Frobenius structure φ (i.e. a horizontal isomorphism φ: F * q V → V). The description of the Frobenius structure in case of X = P 1 \{0, 1, ∞} is one of our main topics in this paper. The following lemma which takes a place of Lemma 1.2 in our rigid setting is indispensable to our study. This result is shown by Besser [Bes] and Vologodsky [Vol] for usual base points (more generally in higher dimensional setting) but their proofs also work for tangential base points and points on D 0 directly. We call c * , * the Frobenius invariant path. We have compatibilities, such as functorialities and c * , * · c * , * = c * , * (for more details, see [Bes] ).
Betti setting.
We will briefly recall the definition of the Betti fundamental group, torsor and the tangential base point in [De1] §15. Notation 1.9. In this subsection, we assume k = C. We denote the category of the nilpotent part of the category of local systems of finite dimensional Q-vector spaces over the topological space X (C) by N L Be (X(C)). Here local system mean covariant functors V: Π X(C) → Vec Q where Π X (C) stands for the category whose objects are points on X(C) and whose set of morphisms between two points * and * on X(C) is the usual topological fundamental torsor π top 1 (X(C) : * , * ). We note that N L Be (X(C)) forms a neutral Tannakian category over Q by [De1] §10.
In the Betti realization, we consider two fiber functors. Suppose that x ∈ X (C) . The first one is ω x : N L Be (X(C)) → Vec Q which associates each nilpotent local system V with the pullback V(x). Actually this forms a fiber functor of N L Be (X(C)) by [De1] §10. The second one is the tangential basepoint: Let s ∈ D(C) and put T s = T s X(C) and 
The former is a pro-algebraic group over Q and the latter is a pro-algebraic bi-torsor over Q where π Be 1 (X(C) : * ) acts on the right and π Be 1 (X(C) : * ) acts on the left. We note that we have a natural morphism from the topological fundamental group π top 1 (X(C) : * ) (resp. torsor π top 1 (X(C) : * , * )) to the set of Q-valued points on the Betti fundamental group π Be 1 (X(C) : * ) (resp. torsor 
Let F ∞ be an involution of X (C) induced from the complex conjugation z ∈ C →z ∈ C and its induced automorphism on
) determine equivalences of Tannakian categories. We note that they are compatible with (1.8). They induce the isomorphism
where * (resp. * ) means F ∞ ( * ) (resp. F ∞ ( * )). Definition 1.12. The infinity Frobenius action φ ∞ stands for the inverse of F ∞ above.
The description of the infinity Frobenius action in case of X = P 1 \{0, 1, ∞} will be discussed in §2.
1.4.étale setting.
We will briefly recall the definition of theétale fundamental group, torsor and the tangential base point in [De1] §15. Notation 1.13. In this subsection, we assume that K is a field of characteristic 0. We denote K to be its algebraic closure and X K to be the scalar extension of X K by K. Let l be a prime (we do not need to assume that l is inequal to the prime p in §1.2). We denote the category of the nilpotent part of the category ofétale local systems of finite dimensional Q l -vector spaces over X (K) by N E l (X K ). Hereétale local systems mean covariant functors V:Π X K → Vec Q l whereΠ X K stands for the category whose objects are points on X(K) and whose set of morphisms between two points * and * on X(K) is the pro-finite fundamental torsorπ 1 (X K : * , * ) in [G] . We note that N E l (X K ) It also forms a neutral Tannakian category over Q l .
In theétale realization, we consider two fiber functors. Suppose that x ∈ X(K). The first one is the pullback ω x : N E l (X K ) → Vec Q l which associates each nilpotentétale local system V with the pullback V(x). The second one is the tangential base point: Let s ∈ D(K) and put 
The former is a pro-algebraic group over Q l and the latter is a pro-algebraic bitorsor over Q l where π 
Suppose that * and * are K-valued points on X or T × s for s ∈ D (this assumption is attained by enlarging the base field K). Let σ ∈ Gal(K/K). We get Galois action
from the Galois action id⊗σ: X K → X K in a similar way to our construction of F q * in §1.2 and F ∞ * in §1.3. We note that the pro-finite fundamental groupπ 1 (X K : * ) (resp. torsorπ 1 (X K : * , * )) also admits Galois action and we have a morphism
which is compatible with its group (resp. torsor) structure and their Galois group actions. Actually this morphism induces an isomorphism between π l,ét [Bes] gave the Frobenius invariant path c * , * an interpretation of Coleman's p-adic iterated integration in the rigid setting, the author thinks that there may be also a significance on the above special path e p * , * in the l-adicétale setting.
Tannakian interpretations.
This section is divided into three sides. The first side is the Berthelot-Ogus side ( §2.1) where we shall give our main results. Let p be a prime. A Tannakian interpretation of p-adic MPL's (MPL stands for multiple polylogarithm) and p-adic MZV's (MZV stands for multiple zeta value) is given in Theorem 2.3 and Theorem 2.5. By describing Frobenius action on the rigid fundamental group of the projective line minus three points we deduce an explicit formula between our p-adic MZV's and Deligne's p-adic MZV's [De2] , [DG] in Theorem 2.8. Further by considering Frobenius action on a rigid path space we introduce an overconvergent version of p-adic MPL in Definition 2.13. Its expression in terms of our p-adic MPL's is given in Theorem 2.14. The second side is the Hodge side ( §2.2), where results analogous to §2.1 are presented. A Tannakian reinterpretation of MPL's and MZV's are given in Proposition 2.20 and Proposition 2.21 following [BD] . Using the infinity Frobenius action on the Betti fundamental torsor of the projective line minus three points we introduce a new version of MPL (2.20). Its monodromy-free property is shown in Theorem 2.27. Its description is given in Proposition 2.26. The third side is the Artin side ( §2.3). We discuss l-adicétale analogues of MPL's and MZV's defined in a way that Wojtkowiak [W] introduced the l-adic polylogarithms.
Throughout this and next section, we fix 
Berthelot-Ogus side: main results.
In this subsection, we shall use a Berthelot-Ogus-type comparison isomorphism (Lemma 2.2) between a de Rham fundamental torsor and a rigid fundamental torsor for X. Our first results are a Tannakian interpretation of p-adic MPL's and p-adic MZV's in Theorem 2.3 and Theorem 2.5 respectively. Secondly we consider Frobenius action on a rigid fundamental group. The definition of Deligne's p-adic MZV's [De2] , [DG] which describes the Frobenius action is recalled. By using a tangential morphism we give an explicit formula between his and ours in Theorem 2.8. Thirdly we consider Frobenius action on a rigid path space. Overconvergent p-adic MPL is introduced in Definition 2.13. It describes the Frobenius action and takes Deligne's p-adic MZV as "a special value" at z = 1. A formula to express it in terms of our p-adic MPL's is given in Theorem 2.14.
Before we state our first results we give notations and a basic lemma below which will be frequently employed in this subsection. 
Similarly we denote the special path c− → 01,z 0 ( §1.2) in the rigid fundamental torsor π p,rig 
− → 01) by (1.1) and the exponential map
− → 01)(Q) Then it is easy to see that x and y are free generators of the pro-algebraic group π DR 1 (X :
− → 01). In this section, we consider the embedding into the noncommutative formal power series with two variables A and B i: π DR 1 (X : − → 01)(Q). By abuse of notation we also employ the same symbol i when we mention its scalar extension.
The following Berthelot-Ogus type comparison isomorphism for fundamental torsors is basic to this subsection.
LEMMA 2.2. Let z be a Q p -valued point of X or T × s (for s ∈ D) and z 0 be its modulo p reduction.
( Proof. An equivalence of Tannakian categories
is shown in [CLS] , [S2] in more general situation. In case of z 0 ∈ X 0 (F p ) it gives rise to a natural isomorphism
are compatible with tangential morphisms (cf. [BF] ). They also give rise to an natural isomorphism
The equivalence (2.2) and the above two isomorphisms of fiber functors follow the isomorphism in (1). In the rest case a natural isomorphism
is explained in [Vol] §4.4, which follows the isomorphism in (2).
We note that this variable l( p) reflects a branch parameter a ∈ Q p of the p-adic polylogarithm log a . By identifying the above two fundamental torsors by Lemma 2.2 we get a de Rham loop d −1 z c z 0 , which lies in π DR 1 (X : 01)(Q p ) in case of (1) and in π DR 1 (X : 01)(Q p,st ) in case of (2). 
Proof. Our main tools to prove the theorem are a 
respectively because H 1 (X, O X ) = 0. By the basic theorem [DM] of Tannakian categories, the fiber functor ω Γ induces an equivalence of categories
where the right-hand side stands for the category of nilpotent representations of the Lie algebra on finite dimensional Q-vector spaces.
LEMMA 2.4. By (2.3) the pro-object (V KZ , ∇ KZ ) corresponds to the vector space Q A, B with the left multiplication L: 
By the integrability of ∇, we have the Lie algebra homomorphism ρ:
which gives the claim.
By abuse of notation, we denote its induced group homomorphism by
By the constructions of i and L above, we have
Our second tool is Besser's Tannakian interpretation of the Coleman's p-adic iterated integration theory [C] in [Bes] :
where c x 0 ,x 0 is a Frobenius invariant path in Lemma 1.8 and showed that each Coleman function of X (C p 
. In [BF] we further extend Coleman functions to normal bundles by making use of Frobenius invariant path to tangential basepoints.
In our previous paper [F1] we consider the p-adic KZ equation and construct its fundamental solution G 0 (t), a two variable noncommutative formal power series with Coleman function coefficients. In his terminologies it is a collection
[ for x 0 and y 0 . And since in our case the tangential morphism (1.1) for s = 0 sends ( 
z , we prove Theorem 2.3.
In our previous paper [F1] Theorem 3.15 we showed that in each coefficient of G 0 (z) there appears p-adic MPL Li k 1 ,...,km (z), which is a Coleman function admitting the expansion (0.1) on |z| p < 1. In precise the coefficient of 
In other words, it is the constant term of G a 0 (z) at z = 1. Then by a similar argument to the proof of Theorem 2.3 we have c− → 01, − → 10
(1) = Φ In our previous paper [F1] Theorem 3.30 we showed that in each coefficient
, which is a p-adic analogue of (0.2). In precise the coefficient of
By Theorem 2.5 we may say that the loop d −1 c is a Tannakian origin of p-adic MZV's. 
To adapt the notations to ours above, we denote ζ De
De multiplied by (−1) m : 
Here the last term means the series substituting (
This formula (2.8) looks nasty. But it is simply expressed by ( p,
Here • is the convention in [F2] of the product of Drinfel'd's GrothendieckTeichmüller group [Dr] which is defined as follows: Let k be a field with characteristic 0. For c 1 , c 2 ∈ k and g 1 (A, B) , g 2 (A, B) ∈ k A, B , the product (c 2 , (A, B)) ).
Proof. We extend the Frobenius action φ p on π DR 1 (X,
Proof. By the compatibility of the Frobenius action on the tangential mor-
Similarly we have φ p ( y ) = y 1 p . Since Frobenius action is compatible with the torsor structure we have
By Lemma 2.9 we get Theorem 2.8.
By expanding our explicit formula, we can express our p-adic MZV's arising from Frobenius invariant path in terms of Deligne's p-adic MZV's describing Frobenius action very explicitly and vice versa. The following are the easiest examples.
(Definition 1.6). The following arguments in the de Rham setting would help our understanding.
LEMMA 2.12. The pro-object (V KZ , ∇ KZ ) is isomorphic to the pro-object THEOREM 2.14. 
Definition 2.13. The overconvergent p-adic MPL Li
Proof. 
commutes. By taking the fiber ω z , we easily see that d z p ∈ π DR 1 (X : [C] , the equality (2.11) holds for the whole space, hence we get Theorem 2.14.
By Lemma 2.15 we may say that p-adic MZVà la Deligne is "a special value" of the overconvergent p-adic MPL. By Theorem 2.14 the overconvergent p-adic MPL is is described very explicitly as a combination of our p-adic MPL's. The following are the easiest examples.
We note that the coefficient of A of G 0 (z) is log a z while in the overconvergent side the coefficient of
has been studied by Coleman [C] . Unver nearly got the same formula (2) This follows from an equivalence of Tannakian categories
(see also [De1] 
Proof. The proof is given in a similar way to the proof of Theorem 2.3. By Proof. The Drinfel'd associator Φ KZ is the series constructed in [De1] , which is also equal to the limit value
as (2.6 In each coefficient of the Drinfel'd associator Φ KZ there appears MZV (0.2). In precise the coefficient of
By Proposition 2.21 we may say that the loop d −1 b is a Tannakian origin of MZV's. The above proposition enables us to calculate the period map
In order to do that, as in §2.1 we fix a generator of π Be 1 (X(C) :
− → 01)(Q) and its parameterization. − → 01)(Q) into the universal embedding algebra of Lie π Be 1 (X(C) :
We note that this embedding j is not compatible with i in (2.1) under the Hodge comparison isomorphism (2.13). As is similar to the proof of Theorem 2.8, we extend the period map (2.17) to
via the embedding i (2.1) and j (2.18).
Proof. By the compatibility of the period map on the tangential morphisms
− → 01), we have p(x Be ) = x 2πi . Similarly we have p( y Be ) = y 2πi . Since the period map is compatible with the torsor structure we have p( 
It is a Hodge counterpart of the p-adic Deligne associator Φ p De . By the same arguments as in the proof of Lemma 2.9 and Theorem 2.8 the extension of the infinity Frobenius action on π DR 1 (X :
Let z be a C-valued point of X. By the same argument as above, we get a de Rham
The following is an analogue to Theorem 2.14. PROPOSITION 2.26.
and Lemma 2.24 we get the equality.
We introduce a new version of MPL Li − k 1 ,...,km (z) to be the coefficient of
We note that since G − (z) is group-like we can recover and express general coefficients of G − (z) in terms of Li Proof. The real-analyticity follows from (2.19) because both G 0 (z) and G 0 (z) are real-analytic. The single-valuedness is immediate by definition.
The single-valued MPL's are not equal to usual MPL's because they have different Tannakian origins. But by Proposition 2.26 the single-valued MPL is described very explicitly as a combination of usual MPL's. The following are the easiest examples:
The coefficient of A of G 0 (z) is log z while the coefficient of G − 0 (z) is logz + log z = log |z| 2 . We also remark that Zhao [Zh] Remark 2.29. In [Za] Zagier studied another variant of polylogarithm
where k denote or depending whether k is odd or even and
n! . He showed that its single-valuedness and real-analyticity. Beilinson and Deligne [BD] give its interpretations in terms of variants of mixed Hodge structures. Their computations [BD] §1.5 says that P k (z) appears as the coeffi-
. We notice that P k (z) and Li − k (z) are related to each other by
Our MPL has monodromies around 0, 1 and ∞ however the variant does not. The formula (2.19) gives an algorithm to erase monodromies of our MPL at 0, 1 and ∞.
Remark 2.30. The KZ equation
has a solution with multi-valued complex analytic function coefficients (for instance G 0 (z)), whereas the following modification analogous to (2.12)
does have a solution with single-valued real-analytic function coefficients (for instance G − 0 (z)).
2.3. Artin side: reviews. In this subsection we will discuss l-adicétale analogues of MPL's and MZV's which we call l-adic MPL's and l-adic multiple Soulé elements respectively and whose definitions are imitations of Wojtkowiak's l-adic polylogarithms [W] .
Let l be a prime (we do not assume whether l is equal to the previous prime p in §2.1 or not). Let Q be the algebraic closure of Q in C. The following Artin-type comparison isomorphism take place of Lemma 2.2 and Lemma 2.19. Let i : π l,ét The following may explain what we mean by the multiple Soulé elements. In his celebrated paper [Dr] , Drinfel'd introduced the Grothendieck-Teichmüller torsor, a triple (GRT 1 , M 1 , GT 1 ), where M 1 is the pro-algebraic bi-torsor with a left (resp. right) action of the Grothendieck-Teichmüller pro-algebraic group GRT 1 (resp. GT 1 ) (for their presentations see also [F2] §2). In [F2] §4 we explained that for a prime l the l-adic Galois image pro-algebraic group Gal
(which is defined in loc. cit. to be the Zariski closure of the image of the Galois
whereas in [F2] §3 we also saw that the spectrum of the Q-algebra Z( ⊂ C) generated by (2πi (A, B) is the associated graded quotient of the Ihara's universal power series for Jacobi sums [I] . By (3.3) we get their Berthelot-Ogus counterpart
where
Next we discuss a special element of Drinfel'd's grt 1 = n∈N grt n 1 which is the graded Lie algebra of GRT 1 [Dr] §5 and is the graded completion of Ihara's [I] stable derivation algebra D . The original Drinfel'd associator Φ KZ (A, B) satisfies the defining equations of M [Dr] which is similar to but different from those of GRT 1 [Dr] however we say the following: [Dr] . By the complex conjugate action we get (1, Φ KZ ( (C) . By the torsor structure of M 1 (C), there is a unique element (1, ϕ) ∈ GRT 1 (C) 
By comparing the equations in Lemma 2.25, we get
)) ∈ GRT 1 , from which we get the claim. (R) . By the logarithmic morphism Log: GRT 1 (R) → grt 1 (R), Drinfel'd obtained in [Dr] Proposition 6.3 a canonical element f(∞) in grt 1 (R) , the image of (1, Φ − KZ ), with the following presentations:
On the other hand, (1, Φ p KZ ) ∈ GRT 1 (Q p ) by Proposition 3.2. By the logarithmic morphism Log: GRT 1 (Q p ) → grt 1 (Q p ), we also get a canonical element f p in grt 1 (Q p ), the image of (1, Φ p KZ ), with the following presentation:
(N.B. f(∞) m = 0 for m = 1 or even.) We stress that the summation in f(∞) is taken for an odd number m greater than or equal to 3 while the summation in f( p) is taken for a natural number m greater than or equal to 3.
3.2. Racinet's context. We will recall Racinet's [R] pro-algebraic torsor DMR 1 which is defined by two shuffle relations and discuss a story for DMR 1 analogous to previous section.
MZV
satisfies two types of so called shuffle product formula, expressing a product of two MZV's as a linear combination of other such values. The first type, known as series shuffle product formula and for which the easiest example is the relation
is easily obtained from the expression (0.2). The second type of shuffle product formula, known as integral shuffle product formula, come from their iterated integral expressions. The easiest example is the formula
The double shuffle relations are linear relations combining series shuffle product formula and integral shuffle product formula. The above two formulae give the simplest example
We have two extended notions of MZV's to nonadmissible indices, the case when the last component k m is equal to 1, which we call series regularization and integral regularization here. The usual and series regularized MZV's satisfy series shuffle product formulae and the usual and integral regularized MZV's satisfy integral shuffle product formulae. These two kinds of regularized MZV's are related by so-called regularized relations.
Racinet constructed a pro-algebraic variety DMR whose set DMR(k) of kvalued points (k: a field of characteristic 0) consists of a series ϕ (A, B) ∈ k A, B such that ϕ(A, −B) satisfies (3.2.1.1) and (3.2.1.2) in [R] , which are relations reflecting the above relations (actually for our convenience slightly we change the definition). Let λ ∈ k. He denoted DMR λ (k) to be the subset consisting of the series in DMR(k) whose coefficient of AB is equal to λ 2 24 . He showed in [R] Theorem 1 that DMR 1 (k) (resp. DMR 0 (k)) has a structure of the pro-algebraic torsor (resp. pro-algebraic group) where DMR 0 (k) acts from the left (resp. whose group law is defined by the same way to the Grothendieck-Teichmüller group GRT 1 ).
We embed π DR 1 (X Q : (C) , which gives a morphism Ψ Hod : Spec Z → DMR 1 (3.6) analogous to (3.2) and conjectured to be isomorphic [R] . The paper [BF] is a trial to give a morphism
which is an analogous map to (3.3). We showed double shuffle relations, i.e. series and integral shuffle product formulae, for usual p-adic MZV's but not for extended values. In [FJ] we will give a complete proof to give an embedding Ψ ( p) crys , namely show series and integral shuffle product formulae and regularized relations for regularized p-adic MZV's.
3.3. Deligne-Goncharov's context. We will discuss the pro-algebraic bitorsor of the motivic Galois group in [DG] by recalling the category of mixed Tate motives over Z. This torsor is related with the Drinfel'd's torsor ( §3.1) in Proposition 3.8 and the Racinet's torsor ( §3.2) in Proposition 3.9. We also explain how the motivic formalism fits into our story in Note 3.10: In Hodge side we give a motivic interpretation of Zagier's dimension conjecture on MZV's. We recall how the upper-bounding part of this conjecture follows as a consequence. In Artin side we see how Ihara's conjecture [I2] on Galois image is motivically related with Zagier's conjecture via Problem 3.7. In Berthelot-Ogus side we deduce another motivic way, different from [FJ] , of proving double (series and integral) shuffle relations and regularized relations for (extended) p-adic multiple zeta values by using Yamashita's [Y] fiber functor of the crystalline realization.
Let k be a field with characteristic 0. Levine [L2] and Voevodsky [Voe] constructed a triangulated category of mixed motives over k. Levine [L2] showed an equivalence of these two categories. This category denoted by DM(k) Q has Tate objects Q(n) (n ∈ Z). Let DMT(k) Q be the triangulated sub-category of DM(k) Q generated by Q(n) (n ∈ Z). Levine [L1] extracted a neutral Tannakian Q-category MT(k) Q of mixed Tate motives over k from DMT(k) Q by taking a heart with respect to a t-structure under the Beilinson-Soulé vanishing conjecture which says gr γ i K n (k) = 0 for n > 2i. Here LHS is the graded quotient of the algebraic K-theory for k with respect to γ-filtration.
From now on we assume that k is a number field. In this case the BeilinsonSoulé vanishing conjecture holds and we have MT(k) Q . This category satisfies the following expected properties: Each object M has an increasing filtration of subobjects called weight filtration, 
There are realization fiber functors ([L2] and [H] ) corresponding to usual cohomology theories. Let S be a finite set of finite places of k. Let O S be the ring of S-integers in k. Deligne and Goncharov [DG] defined the full subcategory MT(O S ) of mixed Tate motives over O S , whose objects are mixed Tate motives M in MT(k) Q such that for each subquotient E of M which is an extension of Q(n) by Q(n + 1) for n ∈ Z, the extension class of E in Ext
In this category the following hold: 
Note that the latter is a (G * , G * )-bi-torsor and G * * = G * . Let U * be the sub-pro-algebraic group of G * whose action on ω * (Q(1)) = Q is trivial and U * * be the sub-pro-algebraic torsor of G * * which induces a trivial map from ω * (Q(1)) = Q to ω * (Q(1)) = Q. Then U * * is a (U * , U * )-bi-torsor and U * * = U * . Since M DR = ω can (M) we have G can = G DR . By Proposition 3.5 the Lie algebra Lie U DR of the unipotent part U DR of G DR should be a graded free Lie algebra generated by one element in each degree −m (m 3: odd). − → 01))) (3.8) for * , * ∈ {Be,DR}. On this map ϕ the following is one of the basic problems.
Problem 3.7. Is ϕ injective?
This might be said to be a question which asks the validity of a unipotent variant of the so-called "Belyȋ's theorem" in [Bel] in the pro-finite setting. Equivalently this asks if the motivic fundamental group π M 1 (X :
− → 01) is a generator of the Tannakian category MT(Z).
The (U DR , U Be )-bi-torsor U DR,Be is related to the (GRT 1 , GT 1 )-bi-torsor M 1 in §3.1 as follows. − → 01). The morphism τ (2πi) −1 p lies in U DR,Be (C) . Its image ϕ(τ (2πi) −1 p), which is a morphism from π DR 1 (X Q :
− → 01) (C) to π Be 1 (X(C) :
− → 01) (C) , is described by (1, Φ KZ ( A 2πi , B 2πi )) by Lemma 2.23. By [Dr] this element belongs to M 1 (C), which implies ϕ(U DR,Be ) ⊂ M 1 . It is because ϕ is a morphism from the U DR -torsor U DR,Be to the GRT 1 -torsor M 1 , which sends τ (2πi) −1 p ∈ U DR,Be (C) 
The (U DR , U Be )-bi-torsor U DR,Be is also related to the DMR 0 -torsor DMR 1 in §3.2 as follows. Proof. The proof is similar to the previous proposition. As for the proof for ϕ(U DR ) ⊂ DMR 0 , we use Racinet's result [R] 5.3.2, which is the same argument to [Dr] Proposition 6.3, that the Lie algebra dmr 0 of his DMR 0 contains the Drinfel'd's element f(∞) m (3.5).
At present we do not know the relationship between Drinfel'd's GRT 1 and Racinet's DMR 0 although it might be expected that they are equal. However Terasoma's recent work (to appear) might suggests a direction DMR 0 ⊂ GRT 1 .
Below we explain how the motivic formalism fits in the scheme of our subject in the previous section. analogous to (3.2) and (3.6). There is a conjecture on the dimension of the vector space of MZV's at each weight which is called Zagier conjecture (see [Za] and also [F2] ) and partly proved (for upper-bounding part) by Terasoma [T] . By using the embedding (3.9) and Proposition 3.5, Deligne and Goncharov also get a partial (upper-bounding part) proof of Zagier conjecture in [DG] . We also learn to say that the Zagier conjecture holds is equivalent to saying the surjectivity of Γ Hod and the injectivity of ϕ (i.e. the validity of Problem 3.7).
(2) Artin side: we consider the absolute Galois group Gal(Q/Q) action on the l-adic (l: a prime)étale fundamental group ϕ 1 : Gal(Q/Q) → Aut π l,ét 1 (X Q : − → 01) and the l-adic Galois image pro-algebraic group Gal − → 01)) × Q l , the map ϕ 1 might factor through G Be -action on ω Be (π M 1 (X :
− → 01)), that means ϕ 1 = ϕ • ϕ 2 (consult [De1] §8 for full story). In loc. cit. §8.14 it is also shown that the image of ϕ 2 is open in the topology of G Be (Q l ). So by restricting into unipotent parts we get an isomorphism
which might be said to be an analogue of (3.1). This is how the common Qstructure of the l-adic Galois image pro-algebraic group for all prime l is detected in [DG] Remark 6.13. The graded Lie algebra g (l) (cf. [I2] and also [F2] ) associated with Gal
is conjectured by Ihara (loc. cit.) to be a free Lie algebra generated by one element in each degree 3,5,7,9. As in Hodge case we can say that this Ihara's conjecture is equivalent to the injectivity of ϕ (i.e. the validity of Problem 3.7).
(3) Berthelot-Ogus side: Yamashita will construct in [Y] the fiber functor ω p,crys : M → M p,crys of the crystalline realization of MT(Z) which is compatible with ω DR . It associates each mixed Tate motive M with its underlying Q l -
